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Chemical and Vibrational Relaxation of an Inviscid

Hypersonic Flow

AvLBerT D. Woop,* James F. SPRINGFIELD,T AND ADRIAN J. PALLONE]
Avwco Corporation, Wilmington, Mass.

The conservation equations for an inviscid, nonconducting fluid with chemical and vibra-
tional relaxation are put into characteristic form for the determination of hypersonic flow
fields. Application of the analysis to the simpler case of vibrational equilibrium is also dis-
cussed. An approximation is presented wherein the nonequilibrium terms are considered
along the streamline characteristics but are neglected along the Mach line. Results at typ-
ical entry conditions in the earth’s atmosphere are determined for pointed bodies with and
without vibrational equilibrium and for blunted bodies with vibrational equilibrium. The
validity of this approximation is demonstrated by comparison with results of the corresponding
exact calculation (i.e., with the nonequilibrium terms included in the Mach line relationships)
for the blunt body in vibrational equilibrium. Ceomparisons are also made with results
from frozen and equilibrium analyses. The effects of both chemical and vibrational
relaxation, and variation of nose bluntness, on the downstream composition of the gas are
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shown to be appreciable. A comparison with results of a simpler one-dimensional, non-
equilibrium streamtube analysis indicates that the latter is adequate in many cases.

Nomenclature

a = locally frozen speed of sound

c = velocity

e = internal energy of mixture per unit mass

€o; = vibrational energy per unit mass of a vibrationally
relaxing species j

F = function defined by Eq. (13)

H = stagnation enthalpy of mixture per unit mass

k = 1 or 2 for a right- or left-running characteristic,
respectively

Kp, Kz = dissociation and recombination rate constants, re-
spectively

K, K = forward and reverse rate constants, respectively

m = number of vibrationally relaxing species

o = molecular weight of undissociated mixture

i = molecular weight of species ¢

M = Mach number based on locally frozen sound speed

n = number of species of mixture

Ne = electron concentration, electrons/cms3

N; = total number of vibrational states of species j

P = pressure

R = universal gas constant

Rj = R/”l]'

Ry = R/my

s = entropy of mixture per unit mass

85 = entropy per unit mass of species 7 at reference pres-

sure po [see Eq. (21)]
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T = translational temperature

T = vibrational temperature of species j

Ues = freestream velocity

v, = vibration-dissociation coupling function of species j,
as defined by Eq. (19)

xz, r = coordinates of a cylindrical coordinate system

X; = concentration of species 4, moles/mole of undissoci-
ated mixture

ak = distance measured along a Mach line characteristic

¥ = ratio of specific heats

T; = total rate of production of gpecies ¢ by all reactions,
moles/mole of undissociated mixture per unit time

€ = 0 or 1 for two-dimensional or axisymmetric flows,
respectively

g = inclination of velocity with respect to the horizontal

o; = characteristic temperature of molecular vibration
for species j

i = chemical potential per unit mass of species ¢

£ = coordinates of streamline coordinate system (%
measured along streamline, » normal to stream-
line)

P = density of mixture

75 = vibrational relaxation time of species j

Subscripts

z = gpecies ¢ of mixture

J = vibrationally relaxing species j of mixture

o = freestream conditions

I. Imtroduction

NE of the most important aspeets of hypersonic flight

calculations involves the correct determination of the
complete flow field about a given body.  Of particular in-
terest in such a computation is the determination of the in-
viscid flow field, both for a knowledge of the flow itself, as
well as for the establishment of the boundary conditions
necessary for associated wake and boundary-layer studies.
Several techniques exist for an exact determination of such
flow fields, provided the gas has an equilibrium or frozen
composition. In particular, for the subsonic region, which
exists in the vicinity of a blunted nose, both direct and in-
verse methods are available.!: 2 For the supersonic region,
the analysis is carried out by application of the method of
characteristics.? Such techniques are all well known and
will not be further discussed here.
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However, these relatively simple methods are not sufficient
to describe accurately re-entry flight at extreme altitudes
where the high velocities and low atmospheric densities en-
countered may give rise to significant relaxation effects,
both with regard to chemistry and vibrational energy level.

In the past, such effects have been crudely considered by
application of the thermochemical rate and vibrational re-
laxation expressions along streamlines determined from an
equilibrium or frozen analysis, assuming the pressure distri-
bution along these streamlines is preserved.* s The avail-
ability of more sophisticated techniques in which the chemical
and vibrational relaxation are coupled with the fluid dynamics
is somewhat limited. Some work has been done for chemical
relaxation in the subsonic region about the nose of a blunted
body,® 7 and recently the effects of vibrational relaxation
have been added.® Several analyses for slender wedges and
cones are also available.?~12  These latter analyses, however,
involve many simplifying assumptions made possible by the
relative smallness of the nonequilibrium effects. Moreover,
Ref. 9 is restricted to chemical relaxation alone, and Refs.
10-12 consider only vibrational relaxation. A more general
finite-difference technique has been formulated,!® but it as-
sumes vibrational equilibrium and has only been applied to
nozzle flows. Finally, two exact characteristics formulations
for chemical nonequilibrium,!* 1 as well as a general treat-
ment involving both chemical and internal relaxation, have
been developed; however, to the authors’ knowledge, there
are presently no calculations available from these analyses.

In the following sections, both exact and approximate non-
equilibrium characteristics techniques are summarized for
external flows with and without the assumption of vibra-
tional equilibrium. Selected results of the approximate
analysis are presented for a blunted body under the restric-
tion of vibrational equilibrium and compared with similar
results obtained from both an exact analysis and the cor-
responding equilibrium and frozen -calculations. Finally,
the effects of vibrational relaxation are illustrated in calcula-
tions carried out for an ogival body, using the approximate
technique. Additional results, together with more details
on the derivation, may be found in Ref. 17.

II. Basic Equations

The analysis will be restricted to the steady, two-dimen-
sional or axisymmetric flow of an inviscid, nonconducting
gas. The gas will be considered as a chemically and vibra-
tionally relaxing mixture of monatomic and diatomic ideal
gases. Local thermodynamic equilibrium within classes
of degrees of freedom will be assumed, with the result that a
Boltzmann distribution exists for each class, thereby per-
mitting the definition of a temperature, entropy, and energy
for each class. It will be assumed that the translational
and rotational degrees of freedom are in equilibrium. The
attainment of equilibrium between these and the vibrational
degrees of freedom of the diatomic molecules is governed
by the appropriate rate processes in a manner similar to the
chemical relaxation of the individual species of the mixture.

Thus, in addition to the usual pair of independent thermo-
dynamic variables, such as temperature and pressure, needed
to specify an equilibrium or frozen flow, the state of the re-
laxing system considered here requires the specification of the
species concentrations X; for each of the n species of the
mixture and the vibrational energies e.; for each of the m
vibrationally relaxing species of the mixture. The deter-
mination of these quantities requires simultaneous solution of
the usual equations of conservation of mass, momentum,
and energy, together with the species production and vibra-
tional relaxation rate equations and the appropriate equations
of state.

A streamline coordinate system is introduced wherein £
and 7 denote distance measured along and normal to the
streamlines, respectively, and 6 is the inclination of the
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velocity ¢ with respect to the horizontal. Then, if p is
density, p is pressure, and e is the internal energy of the mix-
ture per unit mass, the conservation equations are given as

0 L e ceg %8 _
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In Eq. (1), € is 0 or 1 for two-dimensional or axisymmetric
flows, respectively, and r is the radial coordinate of an axi- -
symmetric flow. The stagnation enthalpy per unit mass is
H, a constant throughout the flow field.

The rate equations for species production have the form

>

2X:
c5p =TT X

ey Xny €oty v e s o)

i=1,2...,n (5

where T is the translational temperature. The quantities
T'; represent the total production of species ¢ per unit time
by all the reactions. They are known functions of the indi-
cated variables, based on the known species partition func-
tions and experimentally determined reaction rate expres-
sions and relaxation times. The presence of the vibrational
energy terms represents the eoupling of the vibrational re-
laxation with the dissociation.
The corresponding rate equations for vibrational relaxation
are given in the usual linear form
Oes; € ;(T) — eu; .
c~b€’=%——l j=12...,m (6)
with e,;(T) being the vibrational energy that would exist if
the vibrational degrees of freedom were in equilibrium with
the translational temperature. The quantity 7; is the ex-
perimentally determined vibrational relaxation time and is,
in general, a function of pressure and translational tempera-
ture. The e,; are defined in terms of the corresponding vibra-
tional temperatures T.; by the usual simple harmonic oscil-
lator model
0; = _ﬂ___ (N
exp(0;/Ty;) — 1
where R; is the universal gas constant divided by the molecu-
lar weight of species 7, and O; is the characteristic tempera-
ture of molecular vibration.
The system is completed by introduction of the thermal
and caloric equations of state. The thermal equation is

n
p = pRdT 3, X: ®
i=1
where R is the universal gas constant divided by the molecu-
lar weight of the undissociated mixture.

Inasmuch as the vibrational energies of those species
undergoing vibrational relaxation are independent variables
of the problem, the caloric equation of state is written in
functional form as

e =¢e(T, Xi,...,Xn €0 -+, €en) 9)

By virtue of the assumption that the components of the
mixture are ideal gases, the precise form of this relation is
known.

Equations (1-6, 8, and 9) represent a set of 6 + n +4- mrela-
tions in the 6 + n -+ m unknownsc, 0, p, 0, T, ¢, X3, . . .,
X, €1 . . ., €, and, hence, completely determine the flow
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field. In order to put them in characteristics form, an alter-
native to the thermal equation of state (8) is introduced.
In functional form, it is'6

P = P(Py $, Xlr vty Xﬂy €ory -+ oy evm) (10)

where s denotes the entropy (per unit mass) of the mixture.
A locally frozen speed of sound may then be defined as'®

o = (?) (1)
0 8,X1y 0 oy Xny €9« o . 60m

together with the associated Mach number M = ¢/a. The
significance of this sound speed will be discussed later.

Making use of Egs. (10) and (11), the variation of pressure
along a streamline may be written as

op 2

= =qa*— +F 12

Y: PY: 2+ (12)
The function F represents the pressure variation due to
chemical and vibrational relaxation. It has the form

- () G0+ 268 Ge) - £G2) (32)
(13)

where it is understood that the partial differentiation of the
pressure is carried out with the remaining variables in Eq.
(10) held constant. It should be noted that, for equilibrium
or frozen flows, the state of the gas is completely determined
by specification of two independent thermodynamic vari-
ables. For these cases, the thermal equation of state (10)
may be simplified to express p as a function of p and s alone,
and the locally frozen sound speed, as defined in Eq. (11) and
used in Eq. (12), is replaced by the appropriate equilibrium
or perfect gas relation (i.e., the partial derivative of pressure
with respect to density, holding entropy alone constant).
Then, since there is also no entropy variation along a stream-
line for such flows, the function F will be absent from Eg.
(12) and, hence, from both equilibrium and frozen analyses.

Introducing Eq. (12) into the system of partial differential
equations (1-3), it may be shown that they reduce to a pair
of ordinary differential equations

(M2 — 1)u2 day <_ e sing F> "

dp 1*d8 = — —
pet D M . pat
when written along the right- and left-running Mach lines
defined by the relations

dn/d§ = (—1FM> — 1)7172 (15)

Thus the Mach lines are characteristics of the flow along
which the distance day is measured, with £ = 1, 2 for right-
or left-running characteristics, respectively. The speed of
sound ¢ and the function F are defined by Eqgs. (11) and (13)
and presented in more specific form, suitable for numerical
calculations, in Ref. 17.

Similarly, if the partial differential equations (5) and (6) are
written along a streamline, they reduce to the ordinary differ-
ential equations

dX: = (Ti/c)dt 1=1,2...,n (16)
don, = D) Z €y o o m am
cT;

and hence the streamlines are also characteristics of the flow.

One more relation may be found from Eq. (4), differenti-
ated along a streamline. Introducing Eqs. (2, 8, 9, 16, and
17), the final result has the form

ar = fl(p7 T) Xl) I X")dp +
f2(p; T.' 2 Xl) cee ) evm)dg (18)

which is also an ordinary differential relation. The precise

X, o, . -
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form of the coefficient functions f and f> may be found in Ref.
17.

Thus it is seen that the Mach lines and streamlines form a
system of characteristics along which Eqs. (14 and 16-18)
may be solved for p, 8, T, X1, ..., X, €y - - . , €4, thereby
completely determining the state of the gas. The remain-
ing variables p, ¢, and ¢ may then be found from Egs. (8, 9,
and 4), respectively.

At this point it seems appropriate to make some remarks
concerning the nature of the speed of sound for a nonequilib-
rium flow about which there is some ambiguity.* Inas-
much as the wave front propagates into a medium that has
no way of knowing about approaching disturbances, it travels
at the locally frozen sound speed, whereas the remainder of
the signal will follow at some different speed. The sound
speed that arises in the derivation of the nonequilibrium
characteristics relations is also the locally frozen value, and
hence the direction of the associated Mach line character-
istics is determined from this speed. For increasing chemical
and vibrational relaxation rates, this phenomenon will re-
quire a reduction in mesh size in order to achieve a given
degree of accuracy. Indeed, the problem is of a singular
perturbation nature, inasmuch as the Mach line character-
istics (and hence wave front propagation speed) change
discontinuously as equilibrium is approached. The phe-
nomenon is discussed in more detail in Refs. 14 and 18.

III. Relaxation Phenomena

Restricling attention to problems of entry into the earth’s
atmosphere, the seven predominant species involved in the
chemical relaxation represented by Egs. (16) are Os, N, O,
N, NO, NO*, and electrons. The reactions thought to be
the most important in this relaxation process are summa-
rized as reactions 1-7 of Table 1. The indicated rate con-
stants have been taken from Ref. 4. Although more recent
tabulations are available,'8 1% the differences associated
with the use of these tabulations will not alter the general
nonequilibrium trends.

The first six reactions are coupled directly to the fluid
dynamical equations, as indicated in the previous section.
The electronic reaction 7, however, is not coupled to the re-
mainder of the flow-field calculations; rather, it is considered
only after the nonequilibrium composition of the gas has
been determined with this reaction neglected.

It should be noted that the electronic reaction considered
here will be the primary source of electrons, provided the
flow-field temperature is not too high. At extreme tempera-
tures, however, additional ionization reactions will become
significant. A discussion of this behavmr may be found,
for example, in Ref. 20.

In addition to the rates of Table 1, the reverse rates are
also needed. For vibrational equlhbrlum the ratio of for-
ward to reverse rates is the equilibrium constant, which may
be determined from the individual species partition func-
tions. The values of these constants, as used in this analysis,
are essentially equivalent to the simplified expressions of Ref.
18.

For a vibrationally relaxing species, the vibrational non-
equilibrium must be coupled with the dissociation process.
Unfortunately, at the present time the precise nature of this
coupling is not firmly understood. In fact, a perusal of
the literature indicates that several alternative schemes have
been proposed (see, for example, Refs. 21-25). In view of
this uncertainty, the relatively simple model of Ref. 21 will
be used here.

Specifically, this model assumes that the rate constants
for all the vibrational levels of a given species are equal in
the equations of vibrational excitation. Throughout the
relaxation process the fraction of molecules of a particular
species at a given vibrational level is assumed to satisfy a
Boltzmann distribution. about the local vibrational tempera-
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ture of that species. Under these assumptions, it may be
shown that the dissociation rate for a vibrationally relaxing
species is the product of the vibrational equilibrium rate and
a vibration-dissociation coupling function V; given as

_ 3 [1 = exp{=NO,[A/Ts;) — (1/T)]}:|
Vi = Nf[ 1 — exp{—0,1(1/Ts;) — (1/T) I} x

1 — exp(—=6,/T,)
1 — exp(—6,;/T)

(19)

where N; is the total number of vibrational states. This
coupling function is used only so long as the vibrational tem-
peratures are less than the translational temperature. After
a vibrational temperature becomes equal to the translational
temperature, the particular species is assumed to stay in
vibrational equilibrium, with the coupling function set equal
to unity, and the appropriate vibrational relaxation equation
(17) eliminated. The vibrational energy of this species then
is no longer an independent state variable.
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For this investigation, vibrational relaxation of O, and N,
has been considered, together with its effect on the dissocia-
tion reactions 1 and 2 of Table 1. The appropriate equa-
tions of vibrational excitation, together with the vibrational
relaxation times, are given as reactions 8 and 9 in Table 1.
The notation 0, and Ny is used to denote vibrationally
excited molecules.

It should be emphasized that the use of this simplified
model represents only an approximation to the actual mech-
anism. A fairly comprehensive review of other more
exact models is presented in Ref. 22. One area in which the
simplified model is open to question is in regard to the as-
sumption of equal rate constants for dissociation from all
vibrational levels, which is discussed in Refs. 23 and 24.
Also, although the simplified model accounts for the effects of
vibrational nonequilibrium on the dissociation rates (i.e.,
the so-called CVD method), the simultaneous influence of
the dissociation on the vibrational relaxation (CVDYV)
has been neglected. A discussion of this is given in Ref. 25.
Nevertheless, in spite of these approximations, the simplified

Table 1 Rate constants and vibrational relaxation times?®

No. Reaction Catalyst VRate Cc_)nst'ant o?"
Vib, Relaxztion Time
23 -2
KD = 1.2x 1077 T “exp (-39373/T)
KD
1. O, + Mt5. lev = 0+0+M Ky = 3.2x 1093 77% exp  (-59373/T)
K
R 1 -1
N, N,,NO K = 3.6x10 81 exp (-59373/T)
K. = 7.6 x 1020 7732
Kp R
2. N, + M+ 9.8ev = N+N+M Kp = I.SXIOZOT_3/2
K
R 19 -3/2
O, OZ,NO KR = 5.0x 10 T
Kp O,
3, NO+M#+6.5ev == N+O+M N,, NO Kg = 8.7x 1020 7-3/2
Kr
K
_L 12 _1/2
4. NO+ O+ l.4ev &= OZ+N — KZ = 1.0x 10 T exp (-3120/T)
K,
N 13
5. NZ+O+3.3er————- NO + N —_— KZ = 1.3 x10
K
2
K
;1 23 5/2
6. N2+ Oz+1.9evF NO + NO —_— KZ = 2.4 x10 T exp. (-43000/T)
K,
K
1 s 21 _-3/2
7. N+ O+ 2.8ev =— NO +e — K2= 1.8 x 10 T
X2
-10 -
2.0 x 10 Ts/é exp. (218.3T l/3)
o=
(v) pl1l-exp(-2228/T))
8. OZ+M+AH<ﬁO2 + M
- 5 -
1.0 x 10 9T /6exp (218.3T 1/3)
O,N, Is =
NZ’ p [l -exp (-2228/T)]
-7 2 -
(v) 6.4 x 10 Tl/ exp (192 T 1/3)
9. N2+M+ AH;.*;..NZ + M OZ’ 20 =
0, N, NO p [l -exp (-3336.6/T)]

3

a. . . . . . . 2
T in °K, concentrations in moles/cm?, time and ¢ in seconds, and p in dynes/cm’ .
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vibrational model used here can be expected to yield qualita-
tively correct results with regard to the effects of combined
chemical and vibrational relaxation on the flow field.

More detail on both the chemical and vibrational relaxa-
tion models as used in this analysis may be obtained from
Refs. 18 and 26.

IV. Numerical Procedure

In view of the complexity of the function F, an approxima-
tion is suggested whereby it is neglected in the Mach line
characteristics relations (14), thus reducing them to frozen
(or equilibrium) form. Basically, such a simplification re-
sults in the local combination of a perfect gas characteristics
technique with a nonequilibrium streamtube analysis (such
as that of Ref. 4) to give a useful nonequilibrium character-
istics approximation.

The use of such an approximation is suggested by the ob-
servation that for a large class of bodies the pressure dis-
tribution within the hypersonic flow field does not signifi-
cantly vary between the two extremes of equilibrium and
frozen flow. Inasmuch as the Mach line characteristics
relations are used only to determine the pressure and geom-
etry, the neglect of the nonequilibrium terms in these rela-
tions would not be expected to produce serious discrepancies.
Moreover, the effect of the approximation is minimized by
use of the correct local values of all other properties as deter-
mined from the nonequilibrium streamline characteristic
relations. This in turn will influence the pressure and
geometry through the averaging of properties along the Mach
line characteristics for use in successive iterations of the Mach
line relations.

The technique whereby the calculation is carried out is
illustrated in Fig. 1, where the characteristics grid for an in-
terior point is shown. Using properties at A and B, to-
gether with the Mach line relations (14) and (15), the co-
ordinates, flow angle and pressure are approximated at C.
Point P is determined by averaging the flow angle between
P and C and assuming it to vary linearly from A to B. The
remaining properties at P are calculated by assuming a similar
linear variation between A and B. Temperature, species
concentrations, and nonequilibrium vibrational energies at
( are then found by application of a Runge-Kutta numerical
integration technique to the nonequilibrium streamline
relations (16-18), assuming .a linear pressure distribution
from P to ¢. Remaining properties that may be desired are
found from the appropriate equations of state. The pro-
cedure is iterated until any desired degree of accuracy is
achieved.

A similar method is used for the less general case of com-
plete vibrational equilibrium, except that the vibrational
relaxation equations (17) are neglected everywhere, the vi-
bration-dissociation coupling functions are set equal to
unity, and all vibrational temperatures are set equal to the
translational temperature. The vibrational energies e,
no longer occur as independent state variables.

Corresponding procedures are followed for body and shock
points, except that one of the Mach line relations is replaced
by either the known body slope (for a body point) or the
Rankine-Hugoniot relations (for a shock point). In this
latter case, the freestream species concentrations are pre-
served across the shock. Freestream vibrational energies
are also maintained unless vibrational equilibrium is as-
sumed, in which case the vibrational energies are based on the
translational temperature behind the shock.

A true evaluation of the approximate technique described
here can only be had by comparing the results with those ob-
tained from an exact analysis, where the function F is in-
eluded in the Mach line relationships. Such a comparison
will be made under the assumption of vibrational equilib-
rium, rather than for the more complex case of simultaneous
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Fig. 1 Geometry of characteristics grid.

chemical and vibrational relaxation. - The function F may
then be shown! to reduce to the somewhat simpler form "

op\ & ms 12 (0p

F TC (bs) ’i;l my ,U.zI‘; + C 1; (DX,) PI (20)
where mo and m; denote the molecular weights of the un-
dissociated mixture and species 1, respectively, and p; is the
chemical potential per unit mass of species ¢. Again it is
understood that the partial differentiation of the pressure is
carried out with the remaining variables in Eq. (10) (ex-
clusive of the e,;, which are absent for vibrational equilib-
rium) held constant. These pressure derivatives are evalu-
ated numerically from the relation determining entropy as a
function of pressure, density, and species concentrations.
Following Ref. 27, this relation is taken to be the same as
the corresponding equilibrium relation

S s x, ﬁ—ln(x DA 2] @1
Ro_;;l s ! El : i )

where s; is the entropy per unit mass of species ¢ at pres-
sure po. It is a known thermodynamic function of tempera-
ture 7 or, introducing the thermal equation of state (8),
of pressure, density, and species concentrations.

The computational technique, whereby the exact calcula-
tion is carried out, is essentially the same as for the approxi-
mate method, the only difference being the inclusion of the
function F in the Mach line characteristics relationships
and its consequent evaluation at each characteristics grid
point.

Some of the numerical problems that have been encoun-
tered in this analysis are worthy of mention. It will be
noted that the Mach line characteristics formulation used
here [Eq. (14)] is one in which pressure and flow angle are
the dependent variables. An alternative system, wherein
velocity and flow angle are used, has been avoided because
of the resulting introduction of the additional variable en-
tropy into the relations. Similarly, the streamline char-
acteristic relation (18) has been formulated for temperature
rather than the more customary quantity entropy.* Both
of these choices have been made specifically to reduce the
large errors observed to arise by the authors and others! if
entropy is used.

As with any characteristics technique applied to the flow
past a blunted body, the subsonic-transonic portion of the
flow in the vicinity of the nose must first be determined by
other means. Although the accuracy of this caleculation will,
of course, influence the downstream characteristics solution,
the effect has not been found to be critical. Small errors
or inconsistencies are generally overcome by the relatively
strong relaxation phenomena taking place in the character-
istics calculations near the sonic line. The problem is even
less eritical for pointed bodies, since the solution near the
nose may be determined with great accuracy from an ap-
propriate conical flow analysis.

An additional numerical difficulty is encountered for the
exact characteristics analysis in the evaluation of the pres-
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Fig. 2 Geometry for blunted body.

sure derivatives (0p/0X;) of Eq. (20) immediately behind
the bow shock where only the freestream species are present.
In this case differentiation of the mixing term X; InX; in
Eq. (21) will result in a logarithmic singularity for each of
the missing species. The situation is physically unreal and
may be resolved by specifying a proper limiting form of the
Mach line characteristic relation at the shock. A simpler
numerical alternative, which has been used here, is to specify
arbitrary small amounts of the missing species in the free-
stream. (In this case, concentrations of the order of 10~%
have been introduced for the species O, N, and NO.) Clearly,
such a procedure should not significantly affect the results.
Moreover, this procedure is physically sound since, as is
known from thermodynamic considerations, traces of these
species will be present.

Aside from these particular difficulties, the only other
problems that might be expected to be encountered would be
related to the chemical and vibrational relaxation mechanism
itself. As a result of the availability of the established and
thoroughly tested nonequilibrium streamtube technique
of Ref. 4, however, no such difficulties have been experienced
here.

The actual computations have been carried out on an IBM
7094 computer. The time required for the calculation of a
single grid point will vary widely, depending on the grid size
and the rate of the relaxation processes. Some idea of
typical running times may be obtained, however, from a
consideration of the calculations required for the 6-in.-long
blunted body of Fig. 2. Twelve grid points were specified
along the initial line at z = 0.222 in. in order to assure a
sufficiently fine spatial resolution of the flow field. The
resulting running time for the nonequilibrium characteristics
portion of the flow field (i.e., downstream of the initial line)
was of the order of 90 min for both approximate and exact
analyses, with about 60 min being required for the first 2.5 in.
The longer running time used for the forebody calculation
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Fig. 3 Pressure along body normals for blunted body of
Fig. 2.
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is due to the more rapid relaxation in this region and to the re-
sulting greater number of required Runge-Kutta integration
steps.

In contrast to the nonequilibrium calculation, the cor-
responding equilibrium of frozen solutions were determined
in about 8 min. The difference, which is due solely to the
inclusion of the relaxation processes along the streamline
characteristics, serves to indicate the extreme complexity of
these processes.

V. Results

The effects of chemical relaxation on the flow past a
blunted body have been determined for the sphere-cone
configuration of Fig. 2 under the assumption of vibrational
equilibrium. Specifically, the body is a 12° half-angle
spherically blunted cone with a nose radius of 0.7706 in.
traveling in air at the typical entry conditions of 23,000-fps
velocity and 200,000-1t alt.

Results have been determined for both the exact and ap-
proximate characteristics techniques. They are compared
with similar results obtained for equilibrium and frozen
(specific heat ratio of 1.4) flows, also calculated by the method
of characteristics. In all cases, the characteristics solution
has been started at the body normal that intersects the body
at z = 0.222 in., just beyond the sonic point. Properties
along this normai have been found by first determining the
subsonic flow field about the nose of the vehicle. A direct
technique has been used in this caleulation, with the method
of Ref. 1 being applied for the equilibrium and frozen flows
and that of Ref. 8 (the nonequilibrium analog to Ref. 1) for
the nonequilibrium flows.

The resulting shock geometry is presented in Fig. 2. The
exact and approximate nonequilibrium shocks coincide
initially, as they are both based on the same blunt-body
solution. Downstream, however, they diverge somewhat,
indicating the discrepancy resulting from the neglect of the
function F. The tendency of the shock to lie closer to the
body as equilibrium is approached is also illustrated. In
fact, the equilibrium and exact chemical nonequilibrium
shocks nearly coincide downstream. This is not surprising,
since, for both analyses, vibrational equilibrium has been
assumed, and hence, in the relatively cool region down-
stream of the nose, similar vibrational levels have been
achieved. Moreover, the nonequilibrium species concen-
trations also will have relaxed more nearly toward the
equilibrium values downstream and, in some cases, may even
have achieved an over-dissociated level with respect to
equilibrium.

The property distributions along the body normals of
Fig. 2 are presented in Figs. 3-6. The distance from the
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body aicng the normal has been nondimensionalized with
respect to the distance to the shock. The approximate and
exact nonequilibrium results coincide for the profiles at z =
0.222 in., since this is the initial line of the characteristics
solutions, as determined from the same blunt-body calcula-
tion in both cases. The pressure profiles, nondimensional-
ized with respect to twice the freestream dynamic pressure,
indicate the expected result that pressure differences between
equilibrium, frozen, and both approximate and exact chemical
nonequilibrium analyses are not great. Thus, even for a
blunted body, the neglect of the function # in the Mach line
characteristics relations should not cause serious discrepancies
in other flow-field variables. The temperature profiles are
generally bracketed between the equilibrium and frozen
results, with the lower equilibrium values reflecting the
greater amount of energy required to reach the equilibrium
dissociation level. A rather strong nonequilibrium tempera-
ture gradient is observed along the initial line at the body.
This is caused by the passage of the body streamline through
the stagnation point, where relatively cool near-equilibrium
conditions are achieved. The nitric oxide concentration,
which is of course zero at the shock, overshoots the equilib-
rium value and then decreases near the body. The low
concentration near the body is attributed to the dissociation
of the NO in the expanding downstream flow which follows
the original NO formation in the vicinity of the nose. The
electron density profiles indicate a general increase in elec-
trons over the equilibrium values across the entire shock
layer downstream from the nose, which is due to the higher
nonequilibrium initial temperatures immediately behind
the shock. The increase is appreciable, particularly over
the outer portion of the shock layer. Finally, Figs. 4-6
indicate that only small differences exist between the results
of the exact and approximate analyses. This verifies the
original assumption that the neglect of the function F and
consequent slight variation in the pressure distributions
(Fig. 3) would have little effect on the remaining flow-field
variables.

A consideration of these profiles in the vicinity of the body
indicates a general freezing of the downstream composition.
The frozen concentrations will vary across the shock layer,
however, with freestream values being achieved at the shock.
It should be noted that this freezing does not result in iden-
tical downstream profiles, as freezing oceurs along stream-
lines, and a given streamline will cross each profile at a differ-
ent normal coordinate.

The effects of vibrational relaxation have been determined
for the ogival configuration of Fig. 7, traveling at the same
velocity and altitude as the blunted body. It is composed
of a 40° half-angle conical nose section 0.1 in. in length and
a 12° half-angle conical afterbody that is connected to the
forecone by a body of revolution intersecting the meridian
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Fig. 5 Nitric-oxide concentration along body normals for
blunted body of Fig. 2.
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plane as a circular arc. Calculations based on the approxi-
mate analysis (i.e., neglecting the function F) have been
made for chemical relaxation both with and without vibra-
tional equilibrium. The characteristics solution is started
at the body normal 0.0766 in. back from the tip. Such a
line is sufficiently close to the tip that, for vibrational non-
equilibrium, the properties may be determined from a per-
fect gas conical flow solution, based on the freestream gas
constant and specific heat ratio. A similar caleulation is
made for vibrational equilibrium, except that the gas is
now only thermally perfect, with a variable specific heat
ratio based on the assumption of the simple harmonic vibrator.

As seen from Fig. 7, the effect of vibrational relaxation on
the nonequilibrium shock shape is not great for pointed
bodies. (A stronger effect would be exhibited for blunt bod-
ies, however, as may be seen from Ref. 8.) In contrast to
the blunt-body results, the nonequilibrium shocks do not
tend to coincide with the equilibrium shock downstream;
however, this is probably due to the fact that the approximate
analysis has been used here (i.e., the behavior is the same as
that of the approximate nonequilibrium shock in Fig. 2).

Property distributions along the body normals of Fig. 7
are presented in Figs. 8-10. They exhibit appreciable
differences due to vibrational relaxation, with the higher
temperature levels resulting in a tendency toward less
dissociation and, as seen from Fig. 7, a slight shifting of the
shock toward the frozen shape. The electron densities are
increased by the inclusion of vibrational relaxation, primar-
ily due to higher initial temperatures immediately behind
the shock.

A comparison of the approximate characteristics results
with the conventional streamtube technique of Ref. 4 is pre-
sented in Figs. 11 and 12 where the property distributions
along the body streamline, beginning at the initial profiles
of the characteristics solutions, are shown. The assumed
pressure distributions for the streamtube analysis were taken
from the equilibrium solution for the blunt body and the
frozen solution for the ogival body, since these distributions
are the closest to reality for these bodies. Good agreement
between streamtube and characteristics results is indicated.
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Fig. 7 Geometry for ogival body.



1704 WOOD, SPRINGFIELD, AND PALLONE

—— CHEMICAL NONEQUILIBRIUM
————— CHEMICAL AND VIBRATIONAL NONEQUILIBRIUM

IO’~ \ \ 1
\ 1
. x=1.474 IN x=0.5 IN#  le-—x=00766 INau,
<< [ k !
508" ! '

i \
s | \ ,
z \ |
008~ \ '
o 1 !
Zoar- | ‘ l
s \ ! !
z i ! \ '
w | ) \ .
=02} i ' l
= x=2.86 IN. | ' !
! 1

S AR 1 ,AJ

. e : L
2000 4000 6000 8000 10000 12000
TEMPERATURE , °K

Fig. 8 Temperature along body normals for ogival body
of Fig. 7.

There will be a difference in shock shape, however, since the
flow-field geometry for the streamtube method is that of the
equilibrium or frozen flow used in determining the pressure
distribution. The magnitude of this error may be judged
from Figs. 2and 7.

Thus, the streamtube technique can be of use for approxi-
mate determination of nonequilibrivm flow-field behavior,
provided a fine spatial resolution is not required. In this
case, only a few streamlines need be used, and a considerable
saving in machine time is achieved, as compared to the
method of characteristics computation. (The average
running time for a single streamline for a body such as that
of Fig. 2, for example, is about 1.5 min.) If the resolution
is to be comparable with that obtained by a characteristics
computation, however, the spacing of the streamlines must
be as fine as that of the characteristics grid points, with the
result that the total number of nonequilibrium calculations
(i.e., the total length of streamlines or streamline character-
istic segments) will be of the same order for the two tech-
niques. Since the bulk of the time spent for both analyses
is in the nonequilibrium calculations, it is apparent that no
saving is achieved by using the streamtube technique in this
case, and the more accurate nonequilibrium characteristics
computation should be used.

The results of Figs. 11 and 12 also indicate large differ-
ences in flow properties on the identical afterbodies of the two
configurations due to the variation in nose shape. The
differences extend throughout the flow field, as may be seen
by comparing the ogival body profiles at z = 1.474 in. and
2.86 in. with the blunt-body profiles at z = 0.61in. and 2.0 in.,
respectively, which are located at identical points in the 12°

aftercone. Finally, the relaxation phenomena for both
bodies are seen to oceur primarily over the nose. The down-
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Fig. 9 Nitric-oxide concentration along body normals for
ogival body of Fig. 7.

AIAA JOURNAL

10 =
x= 0.5 IN.
Josi—
=
@x
o
P-4
06— x= 1.474 IN.
(72}
uw
—
2
o
D04 \
Z CHEMICAL \
: NONEQUILIBRIUM
e — — —-CHEMICAL AND VIBRATIONAL
0.2/— NONEQUILIBRIUM \
W\
\I\
o | ! | l \ i
50 6.0 70 8.0 90 10.0 #o

LOG;, Ne (Ne ,electrons/cms]

Fig. 10 Electron density along body normals for ogival
body of Fig. 7.

stream flow is essentially frozen, thus preserving the differ-
ences due to nose shape and vibrational relaxation.

VI. Conclusions

A characteristics technique has been developed for the
determination of inviseid nonequilibrium flows. A simplify-
ing approximation has been suggested whereby the function
F in the Mach line characteristics relations is neglected.
The advantage of such an approximation is not in achieving
a reduction in computer program running time (which, in-
deed, it does not accomplish), but rather to permit a rela-
tively straightforward local combination of a perfect gas
characteristics technique with a nonequilibrium streamtube
calculation to give a simple approximate nonequilibrium
characteristics formulation. Comparison of results from
both the exact and approximate formulations under the
assumption of vibrational equilibrium has indicated little
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Fig. 11 Nitric-oxide concentration along body streamline.
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difference in the calculated flow fields, thus justifying the
approximation.

The results obtained demonstrate the essential behavior of
nonequilibrium flows. Although they become frozen down-
stream, an upstream nonequilibrium calculation is necessary
to determine the frozen composition along each streamline
and the point at which it is achieved. The values of the
downstream properties exhibit a strong dependence on nose
bluntness because of the difference in shock strengths near
the nose.

The effects of both chemical and vibrational relaxation are
considerable. The results are particularly striking with
regard to electron density, where the relaxation processes
give rise to electron concentrations higher than the equilib-
rium values over much of the flow field.

A simple nonequilibrium streamtube analysis, together
with a pressure distribution determined from the appropriate
equilibrium or frozen calculation, will yield useful approxi-
mate results in many cases, particularly if a fine spatial resolu-
tion of the flow field is not required. For fine resolution,
however, the nonequilibrium characteristics formulation
should be used.

Finally, it should be mentioned that only a summary of the
problem has been given here. The analysis is presented in
more detail, together with additional results, in Ref. 17.
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